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Implications are explored of promoting non-conformal scale-invariant theories to conformal theo-
ries by nonlinearly realizing the missing symmetry. Properties of the associated Nambu-Goldstone
mode imply that conformal invariance cannot be spontaneously broken to scale invariance in uni-
tary theories and that, as well known, scale invariant unitary theories in two dimensions are also
conformal. The promoted theories have only conformal primaries and no descendants. The (non-
)decoupling of the Nambu-Goldstone mode is explicitly shown in examples of scale invariant theories
that are actually (not) conformal.
A long-standing fundamental question in conformal
field theory is whether conformal invariance follows from
mere scale invariance (along with some general mundane
assumptions such as unitarity and Poincare´ invariance).
While the answer is rigorously proven [1] to be positive in
two dimensions based on Zamolodchikov’s c-theorem [2],
a rigorous non-perturbative proof is yet to be found in
higher dimensions (see, e.g., [3–7] for recent developments
and [8] for a review).
I would like to study a related, but different and per-
haps more modest, problem. I will assume that a scale
invariant field theory exists that is not conformally in-
variant, and explore promoting it to a conformally in-
variant theory by introducing a Nambu-Goldstone (NG)
mode and nonlinearly realizing the action of the coset
{Conformal}/{Scale}, a` la the Callan-Coleman-Wess-
Zumino formalism [9] suitably adapted to the breaking
of a spacetime symmetry [10]. (Poincare´ invariance will
be assumed throughout so this should be distinguished
from the “pseudo-conformal” scenario [11].)
I will point out that, in three spacetime dimensions and
higher, the promoted theories are manifestly not unitary
if the conformal-to-scale breaking is spontaneous. Con-
formal invariance, therefore, cannot be spontaneously
broken to scale invariance in unitary theories. In two
dimensions, unitarity will manifestly force the NG mode
to decouple, confirming that unbroken scale invariance
implies unbroken conformal invariance. The promoted
theories will be peculiar conformal theories that contain
only primary operators and no descendants. I will also
apply the present formalism to explicit examples of scale
invariant theories to show that the NG mode decouples
in the zero momentum limit in the theories that are also
conformal, while it does not in the theories that are not.
I hope that some incarnations of the properties of
the NG mode and peculiarities of the promoted theories
might turn out to be key elements of an eventual proof
that scale invariance implies conformal invariance. Until
such a proof is provided, the present formalism may also
be useful for phenomenological studies of non-conformal
scale invariance, assuming that such a theory exists.
We begin by an elementary analysis of the coordinates
of the {Conformal}/{Scale} coset space. This part is
purely group theoretical. The only relevant aspect of
field theories is that the action of Pµ is nonlinearly re-
alized as a shift in xµ as if Poincare´ were broken to
Lorentz. Thus, for the breaking of conformal invariance
G to scale invariance H , we take G = {Pµ, Jµν , D,Kµ}
and H = {Jµν , D}. Then, focussing on the elements of
G continuously connected to the identity, we parametrize
the elements of the coset, G/H = {Pµ,Kµ}, as
Ω(x, ξ) = eix·P eiξ·K (1)
with parameters xµ and ξµ. (The parameter ξµ will be
promoted to a vector field later, but not yet.) We take
the coset to be a right coset, i.e., for any given g ∈ G we
have gΩ(x, ξ) = Ω(x′, ξ′)h with some h ∈ H , or,
Ω(x′, ξ′) = gΩ(x, ξ)h−1(g, x, ξ) . (2)
The different coset over {Jµν}, of course, was studied a
long ago [12] for the breaking of the conformal group all
the way down to Poincare´. The present coset (1) has also
been studied in [13–15] for unbroken conformal group as
that is as useful as studying the coset eip·x for unbroken
Poincare´. Below, we quickly review the construction of
this coset before we use it to explore the breaking of the
conformal to scale invariance.
We want to determine x′, ξ′, and h in (2) for g = eib·K
with a parameter bµ. For such g, (2) becomes
gΩ(x, ξ)h−1 = eib·Keix·P eiξ·K h−1
= eib·Keix·P e−ib·K ei(ξ+b)·K h−1 ,
(3)
because [Kµ,Kν] = 0. Below we will always take b
µ to
be infinitesimal and ignore O(b2). No generality is lost as
we are only considering the group elements continuously
connected to the identity. We can then rewrite the first
three exponentials in the last line above as
eib·Keix·P e−ib·K = eix·P+[ib·K, ix·P ] . (4)
To proceed, we need to establish our sign and normaliza-
tion conventions for the generators. For D, we fix them
through the commutators:
[D,Pµ] = −iPµ , [D,Kµ] = iKµ , (5)
2while Lorentz invariance implies [D, Jαβ ] = 0. We adopt
the −++ · · · metric signature so the Lorentz generators
for the vector representation are given by
[
Jαβ
]µ
ν
= −i(δµαηβν − δ
µ
βηαν) . (6)
The remaining commutators of Jαβ are then given by
[Jαβ , Zµ] = Zν
[
Jαβ
]ν
µ
,
[Jαβ , Jµν ] = Jρν
[
Jαβ
]ρ
µ
+ Jµρ
[
Jαβ
]ρ
ν
(7)
with Zµ = Pµ,Kµ. The commutators (5) and (7) with
[Pµ, Pν ] = 0 then imply that [Pµ,Kν ] ∝ Jµν + ηµνD. We
fix our sign and normalization conventions for Kµ as
[Pµ,Kν] = 2i(Jµν + ηµνD) . (8)
We can now continue (4) as
(4) = eix·P−
1
2
[ix·P, iX] eiX = eix
′
·P eiX (9)
with
X = 2xµbν(Jµν + ηµνD) , (10)
x′µ = xµ − x2bµ + 2(b·x)xµ , (11)
so (3) becomes
gΩ(x, ξ)h−1 = eix
′
·P eiXei(ξ+b)·K h−1 . (12)
This will give Ω(x′, ξ′) in (2) if we choose h = eiX and
identify ξ′ through
h ei(ξ+b)·Kh−1 = eiξ
′
·K . (13)
Unpacking X in h = eiX by using (10), we get
h = eiω
αβJαβ/2 eiλD ,
ωαβ = 2(xαbβ − xβbα) , λ = 2b·x .
(14)
The action of h is straightforward because H is linearly
realized. For g = h = eiλD in (2), (5) implies
x′µ = eλxµ , ξ′µ = e−λξµ (15)
while for g = h = eiω
αβJαβ/2 in (2), (7) implies
x′µ = Λµνx
ν , ξ′µ = Λµνξ
ν , Λ = eiω
αβ
Jαβ/2 . (16)
By applying (15) and (16) to (13), we finally get
ξ′µ = ξµ + bµ + 2ixαbβ
(
[Jαβ ]
µ
ν + iηαβδ
µ
ν
)
ξν . (17)
Thus, the action of eib·K is nonlinearly realized due to
this shift of ξµ by bµ.
We now proceed to the field theory of broken conformal
invariance with unbroken scale invariance. The first step
is to introduce NG modes for the broken generators Kµ
by promoting the coset space coordinates ξµ to a field
Ξµ(x). The transformation (17) is thus promoted to
Ξ′µ(x′) = Ξµ(x) + bµ+ 2ixαbβ
(
[Jαβ ]
µ
ν + iηαβδ
µ
ν
)
Ξν(x)
(18)
with x′ being related to x as in (11). The scale transfor-
mation of ξµ in (15) becomes Ξ′µ(x′) = e−λΞµ(x). This
means that Ξµ has scaling dimension 1, because (15) tells
us that the derivative scales as ∂′µ = e
−λ∂µ.
Although we do not have to do so, we could express
Ξµ(x) via a scalar field ω(x) as
Ξµ(x) = ∂µω(x) , (19)
which exactly reproduces (18) if we let ω transforms as
ω′(x′) = ω(x) + b·x . (20)
Since both Ξµ and ∂µ have scaling dimension 1, (19) tells
us that ω has scaling dimension 0.
Unlike what we normally call the dilaton, however, ω is
not a Nambu-Goldstone mode for dilation because scale
invariance is unbroken. In particular, ω never appears
without a derivative acting on it but always comes in
the combination Ξµ = ∂µω. Thus, unlike the normal
dilaton, we cannot multiply a power of eω to an operator
to “absorb” its scaling dimension. This, of course, is a
manifestation of our assumption that scale invariance is
unbroken and linearly realized.
For any non-NG local operatorO(x), the action of eib·K
transforms O(x) to O′(x′) as
O′(x′) = hO(x) , (21)
where x′ and h are respectively given in (11) and (14).
Substituting (14) explicitly, we obtain
O′(x′) = O(x) + 2ixαbβ(Jαβ + ηαβD)O(x) . (22)
Now, since [D, Jµν ] = 0 and both D and Jαβ are linearly
realized, we take O to be simultaneously an eigenstate of
D and in an irreducible Lorentz representation. Then,
denoting O’s scaling dimension by ∆ and recalling ∂′µ =
e−λ∂µ, we have O
′(x′) = eiλDO(x) = e−λ∆O(x). We
thus have DO = i∆O and, hence,
O′(x′) = O(x) + 2ixαbβ(jαβ + iηαβ∆)O(x) , (23)
where jµν are the Lorentz generators for the representa-
tion that O is in. Comparing (18) and (20) with (23), we
again see that Ξµ and ω have ∆ = 1 and 0, respectively.
We should stress that (23) is general and applies to
any local non-NG operator. So, if an operator O has
scaling dimension ∆ and is in representation r, the oper-
ator ∂µO should transform according to the appropriate
paraphrase of (23) for dimension ∆+1 and representation
(vector)⊗r. But it does not; (23) with (11) gives
∂′µO
′(x′) = ∂µO(x) + 2ix
αbβ
(
jαβδ
ν
µ + [Jαβ ]
ν
µ
+ iηαβδ
ν
µ(∆ + 1)
)
∂νO(x)
+ 2ibβ(jµβ + iηµβ∆)O(x) .
(24)
3The first two lines above are exactly how any object
with dimension ∆+1 in representation (vector)⊗r, such
as ∂µO, should transform according to the paraphrase
of (23). The last line, however, contradicts with it.
This internal contradiction can be resolved by making
a rule that, upon promoting a scale invariant theory to a
conformal theory, we must replace every ∂µ by a covariant
derivative Dµ, where Dµ is constructed in such a way
that the last line in (24) is cancelled. The shift by bµ
in (18) allows us to arrange such cancellation by adding
−2iΞβ(jµβ + iηµβ∆)O to ∂µO. The covariant derivative
is thus given by
Dµ = ∂µ − 2iΞ
ν(x)(jµν + iηµν∆) , (25)
where jµν and ∆ are respectively the Lorentz generators
and scaling dimension of the object that the derivative is
acting on. Therefore, by replacing every ∂µ by Dµ, any
operator in any scale invariant theory can be promoted
to a conformally covariant operator.
It is interesting to compare (23) with how O would
transform under unbroken conformal invariance. In that
case, if O is a primary operator (i.e., if KµO(0) = 0), it
would transform exactly as in (23), because the expres-
sions of x′ and h in (11) and (14) do not depend on ξ
and hence are identical to those under unbroken confor-
mal invariance. If O is instead a descendant, there would
be extra terms beyond those in (23). Therefore, in con-
formal theories promoted from scale invariant theories,
all non-NG operators transform as primaries.
An important special case of (23) is when O is the
Lagrangian L if it exists. Unbroken scale invariance re-
quires L to have ∆ = d in d spacetime dimensions. Then,
from (23), L transforms as L′(x′) = L(x)−2d (b·x)L(x),
while (11) gives ‖∂x′/∂x‖ = 1 + 2d (b·x). The action,∫
ddxL(x), is thus conformally invariant. This by itself
does not mean that scale invariance implies conformal
invariance. For that, we must also show that L does not
“contain” the NG mode. We will return to this shortly.
If the conformal-to-scale breaking is spontaneous, the
NG mode must be dynamical. However, this is not pos-
sible in unitary theories in d 6= 2. First, let us regard
Ξµ as a fundamental degree of freedom rather than ω.
Since Ξµ has scaling dimension 1, the mass term, ΞµΞ
µ,
is forbidden for d 6= 2 by scale invariance, which is un-
broken by assumption. In Poincare´ invariant quantum
field theories, unitarity requires a massless vector field
to be equipped with a gauge invariance. But the covari-
ant derivative (25) cannot be made covariant also under
a gauge transformation Ξµ → Ξµ + ∂µχ. Therefore, Ξµ
cannot be dynamical in unitary theories.
One should also recall that unitarity would require the
scaling dimension of a vector operator to be ≥ d − 1,
which would directly contradict with the fact that Ξµ
has ∆ = 1, unless d = 2. This bound only relies on
the conformal algebra, which does not care whether it
is linearly or non-linearly realized, so it applies to our
promoted theories as well. The bound can be violated
if the vector operator is a gauge field, but Ξµ cannot be
a gauge field as we just argued above. We thus again
see that a spontaneous breakdown of conformal to scale
invariance would require the theory to be non-unitary.
The unitarity bound argument can also be applied to
ω if one wishes to regard ω as a fundamental degree of
freedom. Here, unitarity would imply that the scaling
dimension of a scalar operator must be ≥ (d−2)/2, which
would contradict with the fact that ω has ∆ = 0, unless
d = 2. So, again, unitarity excludes the possibility of
spontaneously breaking conformal to scale invariance.
For d = 2, the unitary bound for ω is saturated. So, if
the theory is unitary, ω is a free field and decouples from
the theory. Thus, promoting a scale invariant unitary
theory in d = 2 to a conformal theory actually does not
change the theory at all. This is a simple demonstration
of the fact that unbroken scale invariance implies unbro-
ken conformal invariance for unitary theories in d = 2.
We thus conclude that conformal invariance cannot be
spontaneously broken to scale invariance in unitary the-
ories. If conformal symmetry is spontaneously broken, it
must be broken all the way down to Poincare´. Unitar-
ity is essential in the argument above. This conclusion
is also consistent with the observation of [16] that any
scale but not conformally invariant sub-sector of a uni-
tary conformal field theory is a free theory.
Whether the theory is unitary or not, giving up ω and
regarding Ξµ as fundamental allows “non-minimal” pro-
motion of a scale invariant theory to a conformal theory
beyond just ∂ → D by including operators made purely
of Ξµ, in a way that ω cannot. To find such an operator,
we look at the transformation of the derivative of Ξµ:
∂′µΞν(x
′) = (cov.) + 2(ηµνb·Ξ− bµΞν − bνΞµ) , (26)
where “(cov.)” denotes the terms transforming covari-
antly as expected from (23). Since the non-covariant
terms are symmetric in µ ↔ ν, one way to make it co-
variant is given by
Fµν = ∂µΞν − ∂νΞµ . (27)
Another way is to notice that the covariant derivative for
Ξ can be formed as
DµΞν = ∂µΞν − ηµνΞ·Ξ+ ΞµΞν . (28)
Since Fµν has ∆ = 2, an example of non-minimal pro-
motion would be to add FµνO
µν to the Lagrangian in
d dimensions if the theory has an operator Oµν with
∆ = d− 2. But if Ξµ is not fundamental and given as
Ξµ = ∂µω, Fµν vanishes identically so such non-minimal
promotion would not be possible. If we give up unitarity
and regard Ξµ as dynamical, the operator FµνF
µν has
∆ = 4 so it can be the kinetic term for Ξµ in d = 4.
Non-minimal promotion is particularly interesting if
we compare the present approach to those used in
4e.g. [3, 17], where a given field theory is formally ren-
dered Weyl invariant by coupling it to a curved metric
gµν(x) = e
−2τ(x)ηµν . This is classically equivalent to the
present formalism with τ = 2ω and appropriate field re-
definitions. At the quantum level, gravitational anoma-
lies need to be taken into account to establish a mapping
between these two approaches, which is beyond the scope
of this work. Here, we just note that non-minimal pro-
motion via Fµν does not seem to correspond to a simple
operation, if any, in the τ language even classically.
If there exists a Lagrangian for a scale invariant theory
that is also conformally invariant, the linear coupling of
Ξµ in the promoted Lagrangian should decouple in the
zero momentum limit of Ξµ, that is, it should appear as
Ξµ∂µ(· · · ). (There is a subtle nuance to this statement
in gauge theories to be discussed shortly). This is be-
cause the action of eib·K in the original theory can be
reproduced in the promoted theory by expanding to first
order in Ξµ and set Ξµ = −bµ, as is clear from the discus-
sion leading to (25). Then, if the linear coupling of Ξµ in
the promoted Lagrangian decouples in the zero momen-
tum limit, the action of eib·K on the original Lagrangian
is a total derivative and hence is a symmetry.
For example, consider a free massless scalar theory in
d spacetime dimensions:
L0 = −(∂µφ
∗)(∂µφ) . (29)
If we promote L0 by replacing ∂µ by Dµ, we get
L = −(Dµφ
∗)(Dµφ)
= L0 − (d− 2)Ξ
µ(φ∗∂µφ+ φ∂µφ
∗) +O(Ξ2) ,
(30)
where Dµφ = ∂µφ + (d − 2)Ξµφ from (25). The linear
coupling of Ξµ is to a total derivative ∂µ(φ
∗φ), indicating
that the original theory, L0, is conformally invariant. For
a free massless spin-1/2 fermion, we have ψ¯σ¯µDµψ =
ψ¯σ¯µ∂µψ for all d and Ξµ decouples completely.
We should note that ∂µ(φ∗φ) is the virial current [18]
of the free scalar theory. It seems reasonable to conjec-
ture that Ξµ couples to the virial current in scale invari-
ant theories. For conformally invariant theories with La-
grangians, [15] shows this is indeed the case classically.
A subtlety is that in the usual language of the stress-
energy tensor it is often necessary to “improve” the ten-
sor [1, 18, 19]. It would be interesting to understand
improvements in general without referring to the La-
grangian and at the quantum level. (For the scalar exam-
ple above, the improvement is to add a term ∝ φ2DµΞ
µ
to cancel the O(Ξ2) term [15].)
Another example of a scale invariant theory is given by
a free U(1) gauge theory. With gauge-fixing and ghost
terms, the Lagrangian reads
L0 = −
1
4
FµνF
µν +
B2
2α
+B∂µA
µ − c¯ ∂2c , (31)
where α is a gauge-fixing parameter. Since the scaling
dimensions of Aµ is (d− 2)/2, we have
DµAν = ∂µAν − 2ηµνΞ·A+ 2AµΞν + (d− 2)ΞµAν ,
(32)
so promoting Fµν and B∂µA
µ respectively gives us
DµAν −DνAµ = Fµν + (d− 4)(ΞµAν − ΞνAµ) , (33)
BDµA
µ = B∂µA
µ − dBΞµA
µ . (34)
For c and c¯, the free scalar analysis above makes it clear
that the linear coupling of Ξµ from promoting c¯ ∂2c is a
total derivative if and only if we assign an equal scaling
dimension for c and c¯. We see from (33) that the linear
coupling of Ξµ from promoting FµνF
µν is not a total
derivative in d 6= 4, while it completely vanishes in d = 4.
Moreover, the promoted gauge kinetic term is not BRST
invariant unless d = 4. In (34), Ξµ couples to BA
µ,
which is not a total derivative for any d. Only for d = 4,
however, the BRST invariance implies that the states
created by BAµ have a vanishing inner product with all
physical states, so Ξµ does actually decouple.
Therefore, as is well known (e.g., [20, 21]), a free
Maxwell theory in d = 4 is conformally invariant, while
it is not in d 6= 4 (although there is a caveat that we will
mention shortly). Moreover, in d 6= 4, the promoted the-
ory loses BRST invariance and hence is not unitary. The
discussion above also makes it clear that, even in d = 4,
a free massless vector field without gauge invariance (i.e.,
without the ghost term in (31)) is not conformal, as orig-
inally observed in [18].
Finally, we should be careful as we may be “fooled”
by some theories. One example is the Riva-Cardy model
at the Weyl invariant (hence conformal) point [22]. This
theory is given in Euclidean d = 2 by
L0 = uµνu
µν +
k
2
(∂µA
µ)2 , (35)
where uµν ≡ (∂µAν + ∂νAµ)/2. This theory is not uni-
tary as it is not gauge invariant due to the lack of the
ghost term. When this Lagrangian is promoted, Ξµ cou-
ples to (k+2)(∂νA
ν)Aµ −A
ν(∂νAµ). This is not a total
derivative except at k = −3 at which the theory is con-
formally invariant (but not Weyl invariant, which does
not contradict with [1, 23] as the theory is not unitary).
Interestingly, the theory is also conformal (and Weyl in-
variant) at k = −1. This is because L0 with k = −1 is
just (∂µAν)(∂
µAν)/2 so A1 and A2 are actually two inde-
pendent free scalars. We missed this because we assumed
that Aµ was a vector when specifying the jµν inside the
Dµ. Another tricky theory is the free U(1) gauge theory
in d = 3, which is not conformal according to our diagno-
sis above. But it is dual to a free massless scalar, which
is conformal, provided the theory is changed in a subtle
way [21] (so our diagnosis is still valid in a subtle way).
Needless to say, the challenge is to demonstrate the
decoupling of Ξµ in interacting scale invariant theories
5without relying on the Lagrangians, but only assuming
the four general properties that are violated by known
examples of non-conformal scale invariant theories: uni-
tarity, Poincare´ invariance, discrete scaling dimensions,
and the existence of scale current [8]. A possible ap-
proach might be to apply the present formalism to oper-
ator product expansions (OPEs), in a similar way to the
OPE study [24] of nonlinearly realized conformal invari-
ance broken to Poincare´. It is possible that the peculiar
property of promoted theories having only primaries and
no descendants might play an important role.
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